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Abstract--A rational approach to the correlation of boundary layer mass transport rates, applicable to 
many commonly encountered laminar flow conditions with thermal diffusion and/or variable properties, 
is outlined. The correlation scheme builds upon already available constant property blowing/suction 
solutions by introducing appropriate correction factors to account for the additional (“pseudo” blowing 
and source) effects identified with variable properties and thermal diffusion. Applications of the scheme to 
the particular laminar boundary layer mass transfer problems considered herein (alkali and transition 
metal compound vapor transport) indicates satisfactory accuracy up to effective blowing factors 
equivalent to about one third of the “blow oB” value. As a useful by-product of the variable property 
correlation, we extend the heat-mass transfer analogy, for a wide range of Lewis numbers, to include 

variable property effects. 

NOMENCLATURE 

blowing parameters defined by equations 

(1.2). (3.2), (3.12), (3.13): 
modifying factor, in the mass-heat transfer 

analogy, equation (3.6); 
correlating factor for thermal diffusion, 
equation (3.12); 

correlating factor for variable properties. 
equation (3.1); 

ratio of wall mass transfer rates; 
mass flux of species i [gem-* s-l] ; 
exponent appearing in heat transfer 
correlation, equation (3.5); 
Lewis number (=pDc,/i.); 
molecular weight of mixture ; 
molecular weight of species i; 
mass transfer rate at the wall [gem-* s-l]; 
temperature exponent of diffusion 
coefficient; 

Peclet number based on the species 
boundary layer thickness 

heat flux per unit area; 
Reynolds number based on .y 
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SC. 

c,, 
C 

;: 

Schmidt number (= (p/p)/D); 
suction velocity : equation (2.1 I a) : 

blowing velocity; 
mass fraction of species “i”. 

Greek symbols 

x. thermal diffusion factor (dimensionless): 

21, temperature exponent of specific heat; 

/jl,/ff2, exponents defined by equations (Al.1 I, 
Al.12); 

is,.,8 r,ci,, thickness of the velocity, 

temperature and species boundary layers, 
respectively ; 

c, exponent of Lewis number (see equation 
(3.3)) ; 

81, temperature exponent of thermal 
conductivity ; 

(0, temperature exponent of viscosity. 

Subscripts 

gas-solid interface (i.e.. “wall”); 
outer edge of thermal boundary layer; 
pertaining to heat transfer: 

pertaining to mass transfer or species 
boundary layer edge; 

trace species : 
“carrier” species (air in present examples) : 
constant property case 
(i.e., incompressible); 

variable property effects included ; 
effective quantity ; 
reference quantity (identified here as an 
average across the species boundary layer) ; 
a quantity computed numerically from the 
solution of the full boundary layer 
equations ; 

and variable property effects; 
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rd. in the presence of thermal diffusion effects. 
without variable properties; 

ttlo, overall quantity referring to the combined 
source and suction effects of thermal 
diffusion. 

Superscript 

( 1. quantity averaged over the thickness of the 
species boundary layer. 

I. INTRODUCTIOii 

THE HEAI’ and mass transfer literature includes 
several alternative algebraic correlations for estimat- 

ing variable property corrections to laminar boun- 
dary layer transfer rates for a wide range of 
geometries and boundary conditions. While the 

utility of such algebraic correlations to replace 
tedious ~zh irlitio numerical computations is obvious, 

especially for engineering design purposes, little has 
been done to develop a general framework for 

correlating a variety of specific efYects, such as those 
introduced by thermal diffusion and variable proper- 
ties. In this paper, which treats an important class of 

laminar boundary layer problems, we show how this 
can be accomplished by exploiting analogies to 
already-known problems with “blowing” and/or 
homogeneous reaction. Although attention will be 

focused here on the prediction of IMSS transfer rates. 
our general approach should apply equally well for 
correlating momentum and energy transfer rates. 

The physical problems which motivated this work 
pertain to salt deposition/corrosion of marine or 
aircraft gas turbine blades [I]. coal fired boiler tubes 
[I], and the chemical deposition of metallic coatings 

from vapor phase compounds (CVD) [3]. These 
applications involve the low-speed boundary layer 

tlow of a multi-component gas mixture over ;I 
surface of specified geometry. Often, this gas mixture 
consists of components of disparate molecular 
weights, comprising, in the simplest cases. a (pseudo-) 
binary mixture. Frequently the species containing 

the elements to be transferred arc present in only 
trace amounts (e.g.. a few parts per million). Thus, in 
the marine gas turbine application. it is of interest to 
determine the mass deposition rate of corrosive 
alkali sulfate impurities present as “trace species” in 
Ihe boundary layer flow of hot combustion product 
gases ober the turbine blades. Alternatively. to 
deliberately chemically coat a surface with a heavy 
metal [3] a Row of the corresponding heavy metal 
halide vapor in a hydrogen and/or inert carrier gas is 
frequently passed over the heated surface. Deposition 
of the metal by heterogeneous dissociation;‘reduction 
of the halide vapor can then occur ritr a convective 
diffusion transport mechanism near the hot surface. 
To embrace the above-mentioned situations we 
therefore consider forced convection mass transfer 
rates from a low-speed, laminar boundary layer over 
a solid wall in the presence of pressure gradients, 
non-uniform fluid properties and vapor transport rGtr 
thermal (Soret) diffusion 13 61. 

In the abscncc of the abo\ e-mcutic>ncd coupling 

effects. “constant propcrtk” I(,/>) ~oliitions to the 
laminar boundary layer equations arc rclati\ cl! 
simple to obtain for the flow situations outlined 
above (e.g.. see Ref. [7]). Of COIIN. “\,aria ble 
property” effects associated with the inherent tcn- 
perat urc dependencies of (tic gas dcnsit). spccilic he;lt 

capacity and the retebant transport c,oelficients. 

increase the non-linearity and coupling in I hc ~jstcm 
of equations governing t hc conservation of mass. 
momentum. and energy. This. in turn. considerably 

increases the complexity and computalionat cost of 
the numerical solution proccdurc. Iii order to 
summarize the results of such calcuiations (01 
expenditure) several correlations have all-cad) been 
devised. These are broadly classified here as those 

applicable to boundary layer tlows with intcrfacial 
mass transfer (i.c., “blowing” or “suction”) and those 

for ;I “solid wall”. In the former category. I-cpre- 

sentative correlations are due to Knulh [Xl. (based 
on the idea of ;I rcfercnce state). and Gross c’t II/. 191. 
The latter correlations suggest that in the absence 01 

diffusion-conduction-interaction effects (analogous to 
the thermal diffusion treated beto\{ 1. the dimcnsion- 
less momentum and energy transfer rate5 (normat- 
ired with respect to the corresponding laminar 01 
turbulent “solid wall” condition) can be salisfactoril) 

predicted using a function linear in a suitabl! dclincd 
dimensionless “blowing parameter”. c.g.. [IO. I 11 : 

where ‘B’, the nondimensional “blowing parameter” 

is defined as 

(1.7) 

and the multiplying factor ‘C” is nearly constant at 
least in the constant property. incompressible case. 
Also, as pointed out in [IO]. while the above 
correlation can also be motivated by film (Couette 
flow) theory, for constant property laniinar boun- 
dary layers one can derive such ;I linear relation 
only when the extent of blowing (R > 0) or suction 

(B < 0) is sufficiently small. 
For the “solid wall” casts. on t tic other hand. 

variable property effects have been accounted for 
using either the well-known reference temperature 
scheme [I21 or property-ratio correction factors 
[I 31. In contrast. the underlying basis fog- the 
correlation approach presented in this paper is the 
observation that variable property effects, even foi 
the “solid wall” case. induce blowing or suction-like 
behavior into the boundary layer. Thus. by suitably 
defining a nondimensional grouping (in the spirit of 
the “blowing parameter” suggested by Gross et rd. 
[9]), it becomes possible to develop ;I useful 
correlation scheme which not only accoun& for 
variable property effects, but also accounts for the 
mass transport effects of thermal (Soret) diffusion. As 
will bt: seen. thermal diffusion also introduces an 
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additional effect, equivalent to a linear pseudo- 

“source” or “sink” in the species conservation 

equation. Fortunately, this additional effect is readily 

included using a simple explicit correction factor, 

motivated by film the0ry.i 
Actually, considerable attention has already been 

given to both thermal diffusion and diffusion therm0 
effects, in connection with the transpiration cooling 
of hypersonic entry vehicles [14-161. Although most 
of this effort was focused on determining the effects 
of these thermodynamic couplings on the wall mass, 
momentum, and energy transfer rates, evidently no 

simple basis for correlating the results of these 
numerical computations was reported. 

2. GOVERNING EQUATIONS 
AND IMPLICATIONS 

For the laminar, binary boundary layer situations 
described in the previous section, the appropriate 
differential equations expressing conservation of 

overall mass, momentum, energy and the trace 
species of interest are well-known, and may be 
written in their two-dimensional form : 

Overall mass: 

Momentum : 

Energy :j~ 

Species 1: 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

where 4” and j’; are the transverse (p-component) 
energy and mass fluxes, respectively. 

When diffusion-conduction interactions are pre- 
sent, the expressions for the energy and mass fluxes 
across the boundary layer can be written [6,16] : 

(j”= _A’7T+RT M2 
ay MM zjy + (h, - h,)j;’ (2.5) 

1 2 

t Although the reciprocal (“diffusion thermo”-) effect 
(contribution of concentration gradients to the heat flux) 
can be neglected for the particular boundary layer situ- 
ation treated in this paper, its influence on the heat transfer 
rate could also be correlated in a fashion similar to that 
adopted below. 

$The dependent variable for energy is taken to be the 
stagnation enthalpy h,, given by h + (u2/2). Note that in the 
present situations the mass-averaged specific heat of the 

2 
mixture, C vcp,, is approximately equal to cpz, since Y, 

I=1 
CC I, for the trace species. The advantage of this form of the 
energy equation (2.3) is that the compression work term, 
u(dp/dl), does not explicitly appear. The viscous dissi- 
pation term, however, has been neglected in equation (2.3) 
since only low Mach number flows will be considered here. 

In equation (2.5), the first term represents the 

Fourier heat conduction while the second is due to 

the diffusion-therm0 (or Dufour [17]) effect, men- 
tioned earlier. The mass flux of each species in the 
binary mixture, as given by equation (2.6), includes 
the concentration ‘gradient contribution (i.e., Fick 

diffusion) and another due to the temperature 
gradient (i.e., thermal (Soret [18]) diffusion). Al- 
though diffusion and conduction phenomena are 
generally closely coupled, it is seen from equations 

(2.5) and (2.6) that when one of the species is present 
only in trace amounts (i.e., when Y, CC l), the second 
and third terms in equation (2.5) can be neglected so 
that Fourier conduction remains the dominant 

mechanism for energy transfer. Therefore, in the 
cases being considered herein, the simplified ex- 
pressions for the energy and mass fluxes take the 
form : 

(2.7) 

jy = _@ clln T c!i+yy, ~_ 
?J I (?? 

(2.8) 

Substituting equations (2.7) and (2.8) into (2.3) and 
(2.4), respectively, one can re-express the energy and 
species conservation equations as: 

Energy : 

(2.9) 

Species : 

(2.10) 

By carrying out the indicated differentiations on 
the right hand side of equation (2.10), one can 
rearrange the species equation to make it resemble 
the familiar “constant property + homogeneous re- 

action” form : 

d2Y 
pu 2 + p(u - u,) 25 = pD 1-t i;‘:,,,, a y ?y2 

(2.11) 

where we have introduced the definitions: 

1 (2.1 la) 

and 

!y,,,E {g$D2g)}Y,. (2.1 lb) 

The above form of the species equation reveals that 
the variable property effect associated with the (pD) 
product produces a suction-like effect on the species 
transport, whereas thermal diffusion contributes 
both a suction-like term as well as a source-like term. 



The combined effect of both these phenomena on the 
species mass transport is described by equation 
(2 I 1) in terms of the overall pseudo-suction velocity 
l’,s and the pseudo-source strength per unit volume. 

I’;‘:,~,. In connection with the latter. it is interesting to 

note that the effect of thermal diffusion is similar to 

that of a distributed, homogeneous. first-order chem- 

ical reaction occurring within the boundary layer. 
with an effective specific rate constant given by-? 

One observes from equations (2.1 la) and (2.1 lb) that 
the above-mentioned effects can easily be reversed 

depending upon the sign of the thermal diffusion 
factor, x!. and the temperature gradient. ?T;:i7~,. 

Consider. for instance. a trace species that is heavier 

than the carrier gas. In such cases r is usually 
positive. Now, if ~T,?J. was also positive. as for a 
“cold wall”. one can conclude from equation (2. I la) 
that a “suction” (not “blowing”) effect would prevail 

within the species boundary Iaycr. tonding to 

increase the mass transfer rate to the wall. On the 
other hand, the influence of I:‘,‘:,~, is slightly more 
complicated. The product of density and diffusivity, 
for a gas. can be taken to increase with temperature 

according to the proportionality QD - 7’ ’ (where. 
typically, II > I. being exactly 3$1 for “hard-sphere” 
molecules. from kinetic theory considerations [ill ). 
Also, the thermal diffusion factor may be treated as a 

constant (for simplicity) in this argument. even 

though in reality (set below) it is weakly temperature 
dependent [S]. Using these facts. one can in- 
mediately express the pseudo-source term by the 

proportionality : 

Now. because the temperature exponent of the 

diffusivity. 77, is generally less than 2, the first term in 

the above proportionality will always be negative. 
Also. since (7’Tl.i~~ is negative across the boundary 

layer over a “cold wall”. one concludes that thermal 
diffusion would actually set up a first-order homo- 
geneous “sink” (not “source”) for the depiction of the 
trace species concentration. This leads lo a reduction 
in the mass transfer rate to the wall. In contrast, the 
cast of a “hot wall” (i.e., when iT.‘i_r< 0 and 
i”Rcl? > O), would be expected to cause a first- 
order homogeneous “source” to prevail. increasing 
wall mass transfer rates. when r > 0. Clearly, the 
above trends would be reversed when x < 0. as for 

-I- Inferences drawn from recent composition probing of 
CVD boundary layers [T. 0. Sedgwick, Paper No. Zil. 
lS2nd Electrochemical Society Meetmg, Atlanta, Ga., 
October 9 14 (1977)] should be corrected for this effect 
since some of the changes currently attributed to the 
“chemistry” will in fact be due to non-Fick (thermal) 
diffusion 

Table I. Efl’ects of variable properties and thermal d~fl’us~or~ 

“(‘<,ld wall” .‘llot \\Jll” 

Suction 
or 

blowing 
Source Sink 

trace species lighter than the carrier gas. Table I 
summarizes these effects of variable properties and 

thermal diffusion.? It is to be noted that while the 
influence of I:;‘Ic,, on mass transfer rales i:, anatyti- 

tally predictable. as shown above. the question ol 

whether I‘, would be strong enough to result 111 a 77c/ 

suction or blowing within the boundary layer cannot 
be as simply answered. Since the problem being 
considered involves no real suction or blowing at the 
wall (i.e., the momentum rquation is subject to the 
usual “no-slip condition” in the present “solid wall” 
case). the forced convective velocity field ih full 
determined by the coupled monxntum and rnergy 
equations alone (i.e., equations (2.2) and (2.9)). The 

one-way coupling between these cquatinns and the 

species equation (i.e.. equation (2.1 I )) then dictate5 
the magnitudes of the imposed v&city components 

1, and I‘ supplied to the species equation. Thus. ;I 

competition is set up betfieen these and r,. It \4ill hc 
seen in the next section that the predicted inllucnce 
of r, is often dominatccl b\ the imposed Il~rccd 

convection field. itself inlluenccd b? \ariahlc pro- 

perty erects (which arc usually important M hcnebct 
thermal (Soret) diffusion is important 1. 

3. :\ NEW C‘ORRELATIOIV SCHE\lk 

Our general approach focuses attention on the 

actual mass transfer rate normalized with respect to 
the rate in the absence of the effect. Thus. variable 

properties (rp) and thermal diffusion (ttl) are treated 
as effects superimposed upon the known “constant 
property” (cp) solutions, leading to a generalized 

composite correlation, as described belo\v. 

3.1. Correlrrrio77 0f 7~irrhlr p7’opc~‘f 1’ P//K~.s In the 

absence of thermal diffusion. since even variable 

property effects produce pseudo-suction or blowing 
within the boundary layer, we seek a correlation in 
terms of a linear relationship similar in spirit to 
those successful for cases with “real” wall mass 

-tin many previous studies of thermal dill’usion effects on 
boundary layer transfer rates (e.g.. see [IS]). in the presence 
of foreign gas injection at the wall. it was reported that the 
adiabatic hall temperature was shifted oM ing tL? 
diffusion conduction interactions alone. Although such 
shifts in the adiabatic wall temperature can be physically 
related to the presence of a “source” or “sink” within the 
boundary layer, these mechanisms do not appear to hate 
been clearly identitied or exploited. 
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transfer. Thus we write: 
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Table 2. Values of the exponent ‘k’ appearing in the heat 
transfer correlation (Le., equation (3.7)) [ 131 

where? Bel,,cP is the equivalent of the “blowing 
parameter” mentioned earlier and C, ,CP is a quantity 
which will be determined so as to provide an 
acceptable accuracy in predicting the required mass 
transfer ratio, F, p. Based on a line of reasoning given 
in Appendix 1 we propose the form: 

-(n-l) (3.2) 

where c : 0.4, /11, II are fluid property value 
exponents, and 

N, = a,.++(1 - O,.)(Le,.,)’ (3.3) 

Q, = T,IT,, (3.4) 

and the multiplier Cz,t,P will, for the present, be 
determined using already available heat transfer 
correlations in the manner described below. (This 
results in the implicit inclusion of pressure gradient 

effects into the present correlation scheme.) The 
coefficient C,,,., appearing in equation (3.1) will be 
treated here as the basic “correlating factor”, to be 
determined ultimately by using independently com- 
puted exact numerical solutions to the coupled 

boundary layer equations for F,, (Appendix 2). 
In the literature, numerical solutions to the 

coupled systems of boundary layer momentum and 
energy equations (i.e., equations (2.2) and (2.3)), with 
pressure gradient and variable properties, are avail- 
able [19]. Simple correlations of these for the wall 
skin friction and heat transfer rates have also been 

suggested [ 131. Reference [ 131, for instance, provides 
the following heat transfer correlation in the case of 
the boundary layer flow of air over a “solid wall”: 

(3.5) 

where the exponent ‘k’ has been given under both 
‘*hot” and “cold” wall conditions, for the flat plate 

and plane stagnation point cases (see also Table 2). 
Typical values of ‘k’ (being 0.07 for a “cold” wall and 
0.1 for a “hot” wall) confirm our earlier comment 
(Section 2) regarding the blowing or suction effect of 
variable properties being dominated by the actual 
prevailing transverse convection field. In view of the 

availability of such heat transfer rate correlations, 
and future applications, it is desirable to relate the 
variable property mass transfer correlation being 

i-This ratio of the actual mass transfer rate (with variable 
property effects) to that without, is exactly equal to the 
corresponding Stanton or Nusselt (Sherwood) number 
ratio, i.e.. 

Pi” St, Nu, 
(Pii”),, (St,),, (N&h, 

Geometry “Hot” wall “Cold” wall 

(0,. > 1) (O,,. < 1) 

Flat plate -0.01 0 
Plane stagnation point 0. I 0.07 

sought here to the heat transfer correlation of 

equation (3.5). 
In the absence of thermal (Soret) diffusion, since 

the species Lewis number governs the relative 

importance of mass and heat diffusion, we anticipate 

Combining equations (3.1), (3.5)t and (3.6) we have: 

F,., = 1 -C, ,,.DBc,,,,.P = C,,(H,, Lr,)O:v. (3.7) 

Noting that Lr,,, = Le, (which need not be unity 
even when Le, = 1) and imposing the following 
obvious requirements on C,,: 

C,,(O,, = I, Le,) = I (3.h) 

C,,(H,,, Le, = 1) = 1, (Mb) 

one can now derive useful algebraic interrelations of 
the form : 

C 2,cp = (A, fA2CI.!,&llA3 (3.9) 

C,, = (A4 + A,C, .,.,)/Ok, (3.10) 

where the coefficients A,, AZ, A,. A,, A, are explicit 
functions of the parameters O,., Lr, and fluid 
property exponents (cf. Appendix I ). These relations 
complete one realization of the present correlation 

scheme, except for the as yet undetermined “correlat- 
ing factor” C,.,., which multiplies the effective 
blowing parameter in equation (3.1). The de- 
termination of C,.,, for a range of O,,, and Le,, values 
was achieved in the present analysis by considering 

various trace species in air Aowing over both “cold” 
(0, < 1) and “hot” (0,, > I) walls. For each case. a 

value of FI,p( = F,,,,, say) was computed via a 
numerical solution procedure (cf. Appendix 2) for the 

governing differential equations. Then, these F,,,, 
values were used to obtain C,,,,(O,, Le,) in tabular 

form via the following relation (obtained by combin- 
ing equations (3.7) and (3.10)). 

C1.r.p = CF,,,,-k&A,. (3.1 I) 

To facilitate interpolations (for other values of (I,, 

and Le,), and perhaps, extrapolations, a simple “best 
fit” curve is finally suggested. This is discussed in 
detail in Section 4. 

3.2. Correlution qf‘thermal d@ision efl2ct.s 
As seen in Section 2, thermal diffusion introduces 

both a suction (or blowing) type term, as well as a 

t Alternatively, a variable property energ) transfer cor- 
relation based on the pseudo-blowing notion. could be used 
here. 
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linear pseudo-source (or sink) effect into the species 
boundary layer conservation equation, thereby 
modifying the mass transfer rate which would prevail 
in the presence of variable property effects alone. In 
the present correlation scheme, these elTccts are first 
treated separately ricl two independent correction 
factors which are later combined to yield an overall 

correlation. In doing this it is visualized that thermal 
diffusion effects further perturb the already available 
(see Section 3.1) variable property rates. 

To correlate the “suction’‘-like behavior associated 
with thermal (Soret) diffusion we proceed in a 
manner analogous to that already described for 

variable property effects. Accordingly, this correction 
is postulated to be of the form: 

i,‘,, = 1 - ~rd~clI.~d~ (3.13) 

and, based on physical considerations detailed in 
Appendix 3, we propose? 

B, (,,, d = _ -?*.!!!C - 1 )(Lr*) _..~ 
2 + (II,; ’ - I)(Le*)’ ’ 

(3.13) 

where 

and starred quantities are evaluated at the tempera- 

ture 7;,0, (equations (3.3), (Al .9), (A 1.10)). 
The value of the thermal diffusion factor. including 

its temperature dependence, is evaluated from kinetic 
theory considerations presented in references [5] and 
[6], and is curve-fit by the 2-parameter relation: 

Y = !x7 +x- ,T. ’ = 2,. [, +!“k;“’ ‘j, (3.15) 

where a, and x_, are constants pertinent to the 
species under consideration. z* is obtained from 

equation (3.15) by evaluating Y at the temperature 

r,. Typical estimated values of c(, and CC_,~CY, for 
mixtures of a number of trace species in air, are given 
in Table 3. Figure I shows the corresponding 
variation of r with temperature for these species. 

Predictions were based on the assumed 
Lennard-Jones 12:6 potential parameters included 
in Table 3. 

The specification of the effective blowing para- 

meter &, .,d as an explicit function of 8,,., Le and u 
(equations (3.13) and (3.14)) completes the for- 
mulation of the thermal diffusion correction factor 
F,,, provided the corresponding sensitivity coefficient 
C,, is determined so as to yield an acceptable 
accuracy in the prediction of the mass transfer rate. 
However, before C,,, can be determined one has to 
establish an additional correction factor to account 
for the “source” effect associated with thermal 
diffusion. This correction is sought here in the form 

-iNote that in the simultaneous absence of variable 
property elTects and thermal diffusion (i.e., 8,,, = I). B,,,,,,, 
= 0 and one recovers the expected result F,,, = I. Also, in 
this limit. 0, = I. :IS required 

Table 3. Trace species!air+ estimated values of r/, :tnd 
-(L +a, ) (cf. equatiotl (3.15)) and corresponding tract 

species Lennard Jones 12 :6 interaction parameters 

Species 1, m-(1_, a, 1 fi : I, 

Na,SO, 0.7889 4x 1.2’) 5.00 222 I .o 
NaCl 0.3534 449.27 4. I X6 IYXY.0 
NaOH 0.1670 4.34.‘): 3.804 I Y62.0 
Nil - 0.05697 336.76 3.567 1375.0 
NbCI, 0.8342 ‘37.24 5.14x 612.7 
MoCI, 0.‘) 162 247 12 5.541 628.4 
WCI, 0.0565 242.7., -‘-; 5.540 h47.S 
HgIz 1.0056 ‘49.40 5.675 (195.6 
W I.2665 34 I. 12 6.39 1217.7 

tFor air, (r = 2.71 I .A. 5: h = 78.6 K, transitlon metal 
pentachloride potential parameters estimated from thermo- 
chemical data compiled in Gerasimob (‘1 trl.. NASA TT 
F-785. 

t 

__-- 
___--- Na 

,.---- (sign change) 

/ ’ / 

t 
/’ 

,622 
lcoo 1500 21 

Tempemtun T, K 

xl 

FIG. I. Variation of the thermal diffusion factor r with 
temperature, for various trace species-air mixtures. 

of an explicit expression for the ratio: 

F,, = tA”i(tf~“) ,,,,\,,u Tee. (3.16) 

which plays the role of a chemical “reaction factor”. 
Since the suction correction has already been 
proposed (i.e., Fld), it only remains to find the extent 
by which “source” or “sink” effects might further 

alter the wall mass transfer rates. Figure 2 illustrates 
qualitatively the effect of a volumetric “source” or 
“sink” on the trace species mass fraction profile 
across the boundary layer. Of course, these effects 
will in general be competing with the previously 
mentioned “suction” or “blowing” effect in any given 
flow situation. 

In view of these requirements, it is expedient to 
again exploit the Couette-type analogy. mentioned in 
Appendix 1, to provide the following simplified 
species equation: 
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Appendix 3 we propose: 

FIG. 2. Schematic of the “source” or “sink” effect of thermal 
diffusion on the boundary layer mass fraction profiles. 

(applicable also to diffusion across a chemically 

reacting stagnant film). The source i’,” would 

correspond to a first-order rate law of the form: 

i;” = KpY,, (3.18) 

where the “specific rate constant”, K, is given by 
equation (2.12). Using the above rate law, the 
analytical solutions to equation (3.17) are of the 

form : 

The source correction factor F, is now completely 

determined by equations (3.22), (3.23) and the 
expressions in equations (3.24)-(3.26) for a given O,, 
Le and s(. Note that F, does not contain any 
unknown “correlating factors”, as F,, and Ftd did. 

3.3. The Composite correlations 

“Source” (K > 0) 

Yl = Asinby+Bcosby 

“Sink” (K < 0) 

(3.19) 

Having independently established the correction 

factors for the suction and source type behavior of 

thermal diffusion alone, one can combine them to 
yield the following useful “overall” multiplicative 
correlation for thermal diffusion effects: 

I, 

where 

I’, = A’ sinh fly + B’ cash py, (3.20) 

fi = (\Kl/D)“‘. (3.21) 

Note the sinusoidal nature of the “source” solution 
profiles and the exponential nature of the “sink” 
solution profiles (cf. the qualitative trends depicted in 
Fig. 2). Subject to the boundary conditions Y,(O) 

= Y1,. and Y1 (6,) = Y1,,, one may determine the 
arbitrary constants A, B or A’, B’ appearing in 

equations (3.19) or (3.20). Using these one may then 
establish the required mass transfer rates (since ti” 

- Y;(O)) both in the presence and absence of the 
“source” or “sink”. In this way one obtains the 
following expressions for the required correction 
factor, F,, depending on whether a “source” or “sink” 
prevails : 

= (1 - CtdBcm,rd)Fs. (3.27a) 

The determination of the sensitivity coefficient C,, 
(e,, Le, CC) is carried out in the same manner as that 

outlined earlier for C,,,, 
Finally, in order to correlate the simultaneous 

effects of both variable properties and thermal 
diffusion, the following multiplicative “composite” 
correlation scheme is proposed: 

F~2!LZ fi (ti”) 

W”),, 
(ti,,),, mp = FvpFcdo (3.28) 

= (1 -Cl,op& t’p ). (1 - CtdBufr,td)~ F,. (3.29) 

In the next section all necessary constants are 
determined via comparisons with exact numerical 

solutions to the laminar boundary layer equations. 

“Source” 4. RESULTS AND DISCUSSION 

To complete the correlation outlined above it is 

necessary to determine the “correlating factors”, 

C l,oP and Crd appearing in the variable property (cp) 

and thermal diffusion (td) correlations, respectively. 
The former is a function of the wall temperature 
ratio,? 8,, and the trace species Lewis number Le, 

r, m - Yl n, cos mm) 
(Y,_- Y,_)sin(@,) 1 ’ (3.22) 

“Sink” 

F, = L%,, 
Y, m - r, w cash @%n) 

1 (Y,,,,--y,_)sinh(8&,,) . 
(3.23) 

To evaluate @, = (jKj/D)“‘S, in the above ex- 
pressions it is necessary to consider the average value 
of K (equation (2.12)) over the species boundary 
layer thickness, expressed in terms of pertinent 
variables. Using the estimation procedures given in 

1287 

with the following supplementary relations: 

tlm 2 &,+(I -HJLe*) (3.25) 

6. 1 
1,-. 
&I (Le*)> 

(3.26) 

The latter originate from relations given earlier (see 
equations (3.3) and (A1.8)). 

(3.27) 

tWhile 8, z TWIT, is a convenient variable for discussing 
variable property and Soret effects, the specific energy 
variable 8, = h,/h,,, is more convenient in numerically 
integrating the exact BL energy equation (see Appendix 2). 
Since we take cP - T”’ (Appendix 1) it is readily seen that 
TWIT, = (h, Jh, e)‘/(‘+Ot) for stagnation point flow. . 



while the latter ;~lso depends upon the relevant 

thermal diffusion f:ictor ;1. mainly c,irr the product 
I’. (0,;’ - t ). For specified values of these para- 

meters, C, .‘p and Clz, can he liniquely determined 
from the relationships given earlier. That is. 

lil" 
F,,, = 

(rir” ), ,) 
= (I -C,,,B,,,,,,,)F,. (3.27a) 

where the coeEkients, blowing parameters and F, are 
available from rhc algebraic expressions given in 
Section 3. The wall mass transfer rate ratios (i.e., F,.,, 

and F‘,,,,,) were first computed I+ a complete 
i~umeric~I1 solution of the system of govert~ing 
boundary layer differential equations (see Appendix 
z for an outline of the nuniericai techniques) and 
representative “eigenvalues” for N~~~S~~-transport. 
These solutions wcrc obtained for :t variety of trace 
species in air (covering the ~nolecular weight ex- 
tremes Na(X) to 171,(745.h) over a wide range of (I,,- 

values spanning “cold” to ‘“hot” wall conditions). 

Using these “exact” results for Pr ,, and Ftdrr (referred 
to hereafter as F,,,,) in equations (3. I ) and (3.77a) the 
“correlating factors” wcrc then determined in tabular 

form as Cl.,P = (‘,,>,,( o,,.. Lc,) and c‘,,,(f),,. LL’,,. X‘,). 

For the simplest correlation, one could hope that 

the pseudo-blowing parameters H,,,.,.,. B,,l,,,i could 
bc defined in such a way that the associated 
correlating factors C‘, _( ,, ztnd f‘,,, M nuld he insensitive 

to Lr and wall teillper~lt~~re ratio. over the entire 
parameter ranpe of interest. However, the magnitude 
of these ranges necessitated the incorporation of 
“residual” 1.e and II,,. dependences into the factors C, 
according to the simple (two term polynon~i~~l) 
forms: 

[C, .>/#L,.)l,? iOiIi(,,1,,, = 00 + n, I’, 14.1) 

rr,,,co,, )l,,r.r .: ii'ill,il,,, = E‘" + 65 1 fL (4.2) 
The values of the resulting constants (DO, D,, E,, E,) 
are given in Table 4 for the varic>us species and wall- 

temperature ratios considered in this study. Note 

that the coefficients appearing in equations (4.1) and 

(4.2) are specific to a given binary mixture. 
It is remarkable that such simple linear fits are 

satisfactory for describing all the solutions repre- 
sented in Table 4. Of course. under conditions such 
that the source term F, becomes significantly greater 
than unity, it is possible that such simple fits would 
have to be generalized (e.g., using higher order 

polynomials).+ 
Having established the required “correlating fac- 

tors’“, to use the correlation scheme presented in this 
paper one goes through the following steps: 

SI : For the particular problem being con- 
sidered establish ‘k” from Table 2, or otherwise. 
Also, evaluate 8, and ii, from equations (Al.1 I) 
and (A 1.12) using known properties of the gas. 

57: Compute the “correlating factor” C’, ,r_p from 

equation (4.1), using Table 4 and the required II,,.- 
value. 

53: Using the values of O,,, and Le,, speccifitui for 
the problem, compute the variable property 
correlation ratio F,., from equation (3.7) and the 
sllppiernent~~ry relations (i.e., equations (3.10) and 

(AI.IS)--(AI.;!I)). 
S4: The thermal diffusion correlation, which 

consists of a ‘“blowing” part F’,, and a “source” 

part F‘,s can kx~ be simply computed. F‘,,, is 
determitled from equation (3.12). using equation 
(4.2) and Table 4 to supply the required v;tlue of 

c,,. 
S5: To establish the source correction factor F‘, 

it is necessary to evaluate the qualitities 2, and 

_---- __~__ _I-..._---.._ --.- 

tA numerical experiment aimed at testing this hypothesis 
was conducted by considering “imaginary” trace species 
with x values an order of magnitude higher than those 
shown in F‘ig. 1, for the “hot” wall temperatures. The results 

revealed values of i’, as high as ten and it was found 
unjustifiable to continue assuming that the suction ;lnd 
source effects of thermal diffusion are separable, as done in 
this study. Aiterndtives more in keeping with the philo- 
sophy of the present correlation are presently being 
investigated for these extreme “hot” ~11 cases (near the 
blowoff limit discussed later) and will be reported 
elsewhere. 
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Le, first. a* is found from equation (3.15) (using 

Table 3), Le, from equation (Al.10). These 
quantities correspond to the reference temperature 

H,, already found in Step 3. Next, from Table 1, 

establish whether a source or sink prevails and use 
the above information to evaluate F, from equa- 
tions (3.22) or (3.23). The supplementary relations 
for the various quantities involved in the ex- 
pression for F,, are provided by equations 
(3.24)p(3.26). 

S6: Knowing Frp, Fld and F,, the “overall” 
correlation ratio for thermal diffusion alone (i.e., 

Frd,) and the “composite” ratio for the combined 
effects of variable properties and thermal diffusion 

(i.e., F) are obtained from equations (3.27) and 
(3.29), respectively. 

A useful byproduct of the variable property 
correlation scheme, as formulated in Section 3.1, is 

the extension of the mass-heat transfer analogy to 
wall temperature ratios significantly different from 
unity. As is well known, in the absence of variable 
properties and diffusion-conduction interactions, if 
Le = 1 then the nondimensional heat and mass 

transfer coefficients across the boundary layer are 
equal, provided the respective boundary conditions 
are similar. The restrictions of constant properties, 
and unit Lewis number are now relaxed in the 
analogy given by equation (3.6); that is, C,, is a 

calculable function of both U,,. and Le, (cf. equation 
(3.10), following the procedure of Steps 2 and 3 

above). Figure 3 shows the resulting variation of C’,, 
for the various H,,. and Le, values considered in this 
study. One notes that when U,, < 1, rir” is a smaller 

fraction of ti$ than the corresponding heat transfer 
ratio. Thus, variable property effects influence mass 
transfer predictions somewhat more strongly than 

heat transfer predictions. 
To illustrate the success of the present mass 

transfer correlation scheme we consider here relative 
errors in the “composite” transfer ratio F = ti”/ti$ 

accounting, respectively, for variable properties and 
thermal (Soret) diffusion. Figure 4 shows the de- 
viations in I -F from the corresponding numerically 

computed boundary layer solution, I- F,j,, for the 
transport of metal halide containing vapor species to 
a “hot” wall (1.0 < O,,, < 4.5). It can be seen from this 
figure that the values of 1 -F predicted tGu the 

present correlation scheme are accurate to better 
than F lo?;,. Interestingly enough, the corresponding 
individual correlations for F,., and Ftdo (= F,,F,) are 
even more successful. Similar accuracy was achieved 
in the “cold” wall cases also (not shown for the sake 

of brevity). The correlation scheme predicted mass 
transfer rates which were accurate to within two 

decimal places. 
As pointed out in Section 1, the species explicitly 

considered in this study were selected based on their 
relevance to gas turbine and chemical vapor de- 
position applications. Accordingly, we considered 
various sodium salt-air mixtures for the “cold” wall 

Na,SO. 
o’7 NaCl, NaOH. / 

‘, Na 
/ / I 

0 1.0 2.0 3.0 4.0 

ti, =T,/T, 

FIG. 3. Variation of C,,ffl.,. me) for various species under 
1.1.‘  

“hot” and “cold” wall conditions. _ 

1 

I’ - FBLI 
FIG. 4. Comparison of the composite correlation. F, YS the 
corresponding boundary layer solution. F,$,, (includin_g 
variable properties and thermal diffusions. for the “hot” 

wall case (log --log plot ). 

cases, and several heavy metal halide-air (or N2) 

mixtures for the “hot” wall cases. Because of 
molecular weight and size differences we encounter a 
rather wide variation of the transport coefficients for 

mass diffusion (i.e., D and r). Consequently, the 
sodium salt-air mixtures cover a wide range of 
Lewis numbers (about 0.3 to 0.9) with most of the 
heavy metal halide-air mixtures having Lr values 

near 0.3. However, these heavy metal halides are 
characterized by much larger x-values than those of 
the sodium salt--air mixtures (see also Fig. I ). As ;t 

result, it is interesting that the actual I_JI,(<~l 
transport rate to a “hot” wall in H, (with U,, = 4) 
can be reduced to about SO”,, of that expected from a 
variable property analysis neglecting thermal (Soret) 
transport away from the wal1.t These results suggest 

~I ~_.. ._. 

tInterestingly enough, variable property effects partially 
offset those due to Soret transport, with the result that the 
simultaneous neglect of both thermal diffusion and variable 
properties incurs an error of “only” IX”,,. Thus, “improved” 
calculations which include only one effect (e.g., variable 
properties) will lead to intolerably gl-eat errors (CO. XY’&,, 
cited above). 
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Fro. 5. Variation of the “source” correction factor F, with 
wall temperature ratio fI,, for the “hot” and “cold” wall 

cases. 

that the entire area of CVD transport [3] should be 
reexamined in the light of appreciable thermal 
(Soret) diffusion [20,21] as well as the more familiar 
variable property effects. 

Figure 5 shows the wall temperature dependence 

of the source effect of thermal diffusion (F, defined by 
equation (3.16)). Interestingly enough, while the 

effect of the “sink” (for z > 0) is negligibly small for 

the cold wall cases, in the “hot” wall case the effect of 
the “source” can be very significant. This trend can 
be anticipated from the expression for the effective 
homogeneous rate constant K (equation A3.9) 

which predicts large values when both the thermal 
diffusion factors and temperature gradients (i.e., r 
and 6, values) are large. The “source” and “sink” 
effects anticipated due to thermal diffusion were 

confirmed by the detailed numerical solution of the 
relevant boundary layer equations. Figure 6 shows 
typical mass fraction profiles computed for both 
“cold” (0, = 0.7, Na,SO,(g)-transport) and “hot” 

(0, = 4, WCl,(g) transport) walls. 
In view of the possibility of large “blowing” effects 

associated with either thermal diffusion and/or 

51 
I 
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Frti. 6. Numerically computed mass fraction profiles for 
typical “hot” and “cold” wail cases. 

variable properties, it is instructive to consider the 
possible limit of the species boundary layer “blou- 
off”. By the term “blowotT” we mean the condition 

of zero wall mass transfer rate (despite the presence 
of a non-vanishing concentration driving force). The 
present correlation scheme allows one to estimate 
this “blowoff” condition, explicitly. based on each of 

the “blowing” influences associated with thermal 
diffusion and/or variable properties. Thus by for- 

mally equating F,., and Frdo to zero equations (3.1) 
and (3.12) lead to the following boundary layer 
“blowoff” limits. 

(&.,J,., = (cr.,.,)- ’ (4.3) 

(B,n.h,Jrd = (C,,) ‘. (4.4) 

So long as B,,, < (B,,,,,,, ) “blowoff” does not occur 

and the present correlation scheme is presumed 
valid. Under the conditions of the present study it 
was found that blowoff due to either vjariable 

properties or thermal diffusion did not occur in any 
of the cold or hot wall cases considered in this paper. 
As mentioned earlier. such blowoff limits provide an 
upper bound for the validity of correlation schemes 

like the present one.+ 

5. CONCLUSIONS 

Algebraic relations are proposed to economically 
summarize the results of a large number of numerical 
solutions of the coupled laminar boundary layer 

equations, complicated by the phenomena of thermal 
(Soret) diffusion and/or variable properties. Specifi- 
cally, for forced convection laminar boundary layer 
flow: 

(a) In the absence of thermal (Soret) diffusion, the 
pseudo-“suction” or “blowing” effects of variable 
properties were identified and successfully correlated 
with the numerically computed wall mass transport 
rate. 

(b) Using this variable property correlation the 

heat-mass transfer analogy has also been extended to 
include the effects of variable properties for a wide 

range of Lewis numbers and wall temperature ratios. 
(c) By separately accounting for the pseudo- 

suction and source behavior associated with thermal 
(Soret) diffusion, a successful correlation of thermal 
diffusion effects on mass transport rates has been 
developed. 

While this scheme has been applied to the 
correlation/prediction of mass transport rates here, a 
similar approach could evidently be used for cor- 
relation energy and momentum transfer rates. The 
general procedure we have outlined may be visual- 
ized as rationally accounting for special pheno- 
mena (e.g. thermal diffusion and variable properties) 

i-Calculations based on hypothetical a-values one order 
of magnitude greater than the present ones yielded mass 
transfer ratios, FIdo, as small as IO-“. corresponding to the 
approximate blowoff limit. Note that these remarks do not 
necessarily imply blowoff with respect to the velocity 
boundary layer, a condition conventionally discussed. 
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in terms of appropriate “blowing” and/or source-like 

effects which make their appearance in the governing 

conservation equations. These identifiable effects are 
then superimposed upon the corresponding “con- 

stant property”-solid wall boundary layer, for which 
solutions are readily available in both forced and free 
convection situations. A similar strategy might be 
used in the future to correlate the systematic effects 
of other intervening boundary layer phenomena 
(viscous dissipation, simple chemical reactions, 
diffusion-therm0 effects, etc.), at least for simple 
boundary conditions [22]. 

In retrospect it might be thought that since 
correlations are certainly not unique, alternate and 

perhaps simpler-to-use previously proposed “curve 
fits” (with no particular basis in the underlying 

conservation equations) would be equally successful 
and more “practical”. However, it is likely that 

schemes such as that exploited above, motivated by 
the presence of identifiable new terms in the more 

general (boundary layer) conservation equations, 
will be more efficient, and safer to extrapolate, than 
their more arbitrary counterparts. While the details 
of implementation will differ from case to case and 

investigator to investigator, we believe that as a 
correlation strategy the present approach has con- 
siderable potential. 
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APPENDIX I. FORM OF THE VARIABLE 
PROPERTY EFFECTIVE BLOWING PARAMETER 

(L’,ff),,p f I&,- (~,L., (Al.2) 

(I’,f,)cp = ficp. (A1.3) 
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equation (i.e., equation (2.1 I)) by the following Couette- 
type equation: 

(Al.41 

The solution of this equation on the domain 0 < 1’ 6 6,# 
can be obtained directly in terms of the governing Peclet 
group, ~,6,!D. This type of a Couette flow analogy has 
been widely used for analytically approximating certain 
boundary layer characteristics (e.g., [X] and [ 131). 

From equations (AI.]). (Al.2) and (A1.3) we observe that 

Bd,.,,, = A(P<,,) - (Al.51 
‘P 

where 

I’ ij, 

This “shift” in the Peclet group (i.e., A(Pr,,)) accounts for 
the possible “offsetting” of the suction effect of variable 
properties (mentioned in Section 2) produced by changes in 
the real normal fluid velocity. 

To proceed, we express A(&,)) and (I;ri,,‘D),, in terms ol 
more convenient quantities. noting that the terms sub- 
scripted ‘c.p’ may be evaluated at ‘6”. the thermal boundary 
layer edge. For convenience only, the variable property (or 
‘1’~’ subscripted) terms in the effective blowing parameter 
will be evaluated using a “reference temperature”+ (T,). 
taken to be the arithmetic average temperature within the 
species boundary layer. i.e., T. = (T,.+ T,)/2. Now, by 
approximating the temperature at the species boundary 
layer edge, ?;,z, using the relation: 

the dimensionless reference temperature is given by equa- 
tion (3.3) where 0 = T,‘7;.. Also, since the following 
dimensional argument is valid under typical boundary 
layer assumptions: r _ u&j’s - u,ci,.,‘.y - u,is, .y and &:.\ 
_ (Rex)- ’ ‘(SC.)- we see that cn,:D - (SC,)’ -’ 

Next. we assume for simphclty that the temperature 
dependencies of the density, specific heat and transport 
coefficients can be adequately represented by the simple 
power-law relations:# p/p, = 0-l ; cPIc,P.r = U”l ; p/pe = 0”: 
i, !A? = 0” ; D/D, = 0”. 

On this basis the Schmidt and Lewis number ratios 
(needed below) can be written: 

(Al.9) 

tlt is not essential to our approach that the “reference 
temperature method” be used at this juncture. One may 
view it as one of several possible methods for motivating an 
appropriate form for the equivalent blowing parameter 
appearing in equations (3.1) and (3. I3 1. 

./It can be easily shown through an order of magnitude 
analysis of the terms in the energy and species equations 
that i: varies from only l/3 to l/2 in the range 0 < Le < x. 
More exact estimates [13] are also available for various 
specific flow conditions. For the results presented below I: 
was taken to be 0.4. 

6 For air in the temperature range 58X < T < 1588 K and 
at pressures in the ideal-gas law range (cf. equation (Al.12)) 
we may take [IY] xi = 0.10, w c 0.6.5, I:, 2 0.85. n I 1.652 
so that /i, = 0.002 and /$? = -0.00X. Smallness of I? 
eliminates the need to distinguish between remperature ratio 
and e,llhn/py ratio in the low speed boundary layer 
situations discussed here. 

Llj, p LP, 

lx,, = Ix,. 
= (U,,” , (Al.10) 

where 

/I, = II- I __(‘I (Al.1 I) 

pL = Xl +,I- 1 --i:, (AI.12) 

Equations (Al.6). (Al.12) suggest that the “Peclet shift” can 
be written as: 

A(&,)) = C 

(AI.131 

where C,,,., is a multiplying factor determined later. In 
terms of these same quantities the variable property suction 
term can be expressed: 

(Al.141 

Substituting equations (Al.13) and (Al.14) into equation 
(A I. I), we finally obtain equation (3.2). 

Co@cients relutitly the firctm C, ,~p, C,,,, und C,,,,, 
Equations (3.5) -(3.X), when combined with the explicit 

estimates above, lead to equations (3.9). (3.10). where 

.4, = I - 0;. (AI.15) 

,42 _ J,-ZI!U,,.- 1 )(L$)‘(~l)“” 
2+(1!8 ,- I )(Le )‘(@,)“” 

(Al.16) 
II r 

(Al.19) 

u, G ir>,,+$(l -BJLe,) (Al.70) 

0, = (O,),., ,,,, = 1 2 Cl,, +$(I -Cl,.). (Al.21) 

For a given wall temperature ratio, O,, and Lewis 
number, Le,, these interrelations essentially complete one 
form of the proposed variable property correlation scheme 
except for the as yet undetermined “correlating factor”. 
C, ,‘.p, multiplying the effective blowing parameter. 

APPENDIX 2. NUMERICAL SOLUTION PROCEDURE 

The system of differential equations governing the 
compressible, Iaminar boundary layer problem outlined in 
Section 2 was solved by first casting the equations into their 
“incompressible” form vin the well-known Howarth 
Dorodnitsyn-Lees transformations: 

9 

We then seek “similar” solutions for the non-dimensional 
momentum, energy and concentration dependent variables: 
.f‘(q) 3 (25)-“*I//: O(q) = h&h,,,; x(q) = y:y,,. 

Upon eliminating the need for the overall mass con- 
servation equation by introducing the stream function $, 
the resulting coupled system of ordinaryt differential 

tPrimed quantities denote differentiation with respect to 
the similarity variable q defined above. 
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Table A2.1. Numervcally computed wall eigenvalues for the plane stagnation point flow t/j = I) of ~armub 
mixtures 

Momentum andenergye~genvalues 

(1% 04 0.6 0.X IO 20 30 JO 

f"lOl I.0051 1.1031 1.1755 1.2333 1.4226 1.5408 1.6283 
o'(O) 02349 0.1746 0.0940 0 -0.5857 -1.2818 -2.0447 

Speaes eIgenval"es+ 

\_-- ~~ ~~- ~~- ~-~ ~-~ 

&Sk, O4 0.6 0.X 1.0 20 30 4.0 

\ ~~~~ .___~ ._ _ ~~_~~ _ 

N>llS04 0.5803 06543 0.6929 07139 
056X2 0.6306 0.6769 0.713') 

NaCl 05148 0.5717 0.6081 0.6335 
0.5017 0.5580 0.599') 06335 

NdOH 04760 05287 0.5651 0.5929 
0.4685 05217 0.5611 0.5929 

Nil 07240-- 073x- P%jii4P 0.5422 
0.4267 0.4759 05127 0.5422 

NhCI, 07107 07283 07040 06763 
0.7107 0.8308 0.9052 0.9599 

M&l, 0.7356 0.7484 0.7178 0.6849 
0.7356 08591 09356 09918 

WCI, 0.7390 0.74YO 0.7148 0.6791 
07390 0.X631 0.9398 0.9963 

Hgf, 0.7480 0.7558 07177 06789 
0.7480 0.8733 0.9508 10078 

111, 0.8022 0.8203 07659 07112 
0.8022 0.9348 1.0169 1.0773 

i The two agenvaluea indicated for each specks correspond to x + 0 and x = 0 respectwely (ie., wth and 

equations can be written: 

Momentum 

Energy 

Species 1 

where : 

(A2.1) 

(A2.2) 

(A2.3) 

(A23a) 

(A2.4) 

2m 
p G -- 

m+l 
(for u, _ xm). 

These equations were solved subject to the following simple 
boundary conditions: 

f(O) = 0; I’(0) = 0; /‘(Kc) = 1 

0(O) = 8,. (specified constant); O(m) = 1 
(A2.5) 

Y,(O) = 0: Y,(m) = 1. (A2.6) 

Numerical solution of the system of equations 
(A2.1)-(A2.6) is simplified considerably by the fact that 
while the momentum and energy fields are strongly coupled 
they can be solved independently of the normalized trace 
species mass fraction Yr. Thus, for each 0,-value of interest 
solutions to the coupled, nonlinear system of momentum 
and energy equations (i.e., equations (A2.1), (A2.2) and 
(A2.5)) were first found by one computer code and stored. 
The method of “quasilinearization” [23] was used for the 
numerical solutions reported here. These solutions were 
then used as input to another computer code which 

employed a modified Hamming predictor-corrector method 
to solve the linear boundary value problem for the trace 
species concentration Y,. The numerical solutions obtained 
for the coupled momentum and energy equations compared 
well (correct to 4 decimal places) with those of [24]. Our 
computation time for each solution was about 18 s (on the 
Yale Computer Center IBM 370/158), for a given O,-value. 
Table A2.1 gives the numerically computed wall eigen- 
values for various trace species-air mixtures near a plane 
stagnation point, for a range of O,, values. 

APPENDIX 3. FORM OF THE THERMAL 
DIFFUSION PSEUDO-BLOWING PARAMETER 

AND PSEUDOSOURCE CORRECTION 

Efktitv blowing parumeter associated with thermd (Sorer) 

dijitsion 
Following the reasoning of Appendix 1, we write the 

effective “blowing” parameter in the form of a difference in 
Peclet numbers: 

with 

(Cc,, ),d + ,,p = &.p-(~,),c,+I-p (A3.2) 

(Ll,,, )‘P = t:, p- W,),.,. (A3.3) 

Since equation (2.1 la) suggests that (U,)td+I.p = (fiJ,,,+(C& 
one obtains from equation (A3.1), after cancelhng terms, 
the following expression: 

(A3.4) 

The effect of thermal diffusion is included in (t’&, the 
averaged suction velocity due to thermal diffusion alone. 

Moreover, from equation (2.1 la), the suction velocity due 
to thermal diffusion is given by 

?InT 
(& = Da __. 

?,I 

It therefore follows that: 

(A3.5) 

(A3.6) 



Using the above relation (equation (A3.6)) one may now 
express the effective blowing parameter associated with 
thermal diffusion, B,,,,,, in terms of the pertinent variables 
in the form of equation (3.13). 

As discussed in Sections 2 and 3 UC anticipate that the 
pseudo-source effects of thermal (Soret) diffusion can be 
correlated in terms of a Damkohler group, /I&,,,, interpret- 
able as the square root of the ratio of a Characteristic 
diffusion time to a characteristic pseudo-chemical reaction 
time. To implement this idea so that quantitative estimates 
of the pseudo-source (“reaction” factor) effect. F, (equations 
(3.22) and (3.23)) can be obtained, it is necessary to relate 
/?a, to the known parameters of our problem. For this 
purpose the following estimation procedure was tentatively 
adopted. 

Consider first the average value of the pseudo homo- 
geneous rate constant K (over the species boundary layer- 
thickness). From equation (2.12) we have: 

Expanding the right hand side of equation (A3.7) using the 
fact that pD - T”-’ one obtains: , 

f? z r,D,U; ’ (A3.X I 

Remembcrmg that the species layer thicknesb. J,,, IY 
direrent from the thermal layer thickness. ii,. the de- 
rlvatives appearing in the above equation may be approxl- 
mated i,\: 

(A3.11) 

(A3.12) 

Moreover. 

Combining these estimates, the relevant pseudo-Damkdhler 
number can be written as equation (3.24). which was used 
in the correlations reported in Section 4 and Fig. 5. 

UNE APPROCHE NOUVELLE DU TRANSFERT MASSlQUE EN COUCHE LIMITE AVEC 
DIFFUSION THERMIQUE ET PROPRIETES VARIABLES 

Resume On degage une approche rationnelle de I’expression du transport massique de couche limite, 
applicable a de nombreuses conditions d’tcoulement laminaire frtquemment rencontrtes, avec diffusion 
thermique et proprittes variables. Le schtma est construit sur les solutions de soufflagejsuccion avec 
proprittt% constantes. en introduisant des facteurs Correctifs approprits pour tenir compte des effets 
aditionnels (“pseudo soufflage et source), identifits avec les proprittts variables et la diffusion thermique. 
Des applications au probleme particulier de transfert massique en couche limite laminaire montrent une 
prtcision satisfaisante jusqu’a des facteurs de souflage de I’ordre du tiers du seuil critique. En application 
de la corr&Jation avec propriCtCs variables, I’analogie des transferts de chaleur et de masse est elargie, 

pour un grand domaine du nombre de Lewis, en incluant les effets des proprittCs variables. 

EIN NEUES VERFAHREN ZUR BERECHNUNG DES STOFFUBERGANGS IN DER 
GRENZSCHICHT BEI THERMODIFFUSION UND/ODER VARIABLEN STOFFWERTEN 

Zusammenfassung Es wird tin rationelles Verfahren fiir die Berechnung des Stoffiibergangs in der 
Grenzschicht entworfen, das auf viele allgemein anzutretlende laminare Strdmungsbedingungen mit 
Thermodiffusion undioder variablen Ston‘werten angewandt werden kann. Das Berechnungsverfahren 
baut auf bereits bestehendcn Verfahren fur konstante Stoffwerte bei Ausblasen bzw. Absaugung auf. 
Dabei werden geeignete Korrekturfaktoren eingefiihrt, die die zusatzlichen Einfliisse (“pseudo” Ausblasen 
und Quelle) beriicksichtigen. die bei variablen Stoffwerten und Thermodiffusion auftreten. Die 
Anwendungen des Schemas auf die hrer betrachteten besonderen Stoffiibergangsprobleme bei laminarer 
Grenzschicht (Alkali- und Ubergangs-Metallgemisch-Dampftransport) zeigen zusriedenstellende 
Genauigkeit bis zu effektiven Ausblasfaktoren, die etwa einem Drittel des “Abblaswertes” entsprechen. 
Als niitzliches Nebenergebnis des Verfahrens bei variablen ZustandsgroBen erweitern wir die Warme- 
und Stofftibergangsanalogie fir einen grofjen Bereich der Lewis-Zahl, urn die Einfltisse der variablen 

Stoffwerte mitzuerfasscn. 

HOBbIfi IlOflXOA K KOPPEJIRUMM CKOPOCTEti flEPEHOCA MACCbI 
B fIOI-PAHWHOM CJIOE flPM HAJIMqMM TEPMMqECKOti AM@@Y3MM M 

nEPEMEHHbIX CBOfiCTBAX 

AHHOT~UHSI - npennoxCee npaxTHqecxHti nOLtXOa K ycTaHoBneHHKl KpHTepHa,IbHblX 3aBacHMocTefi 
npouecca nepeHoca Maccbt B norpaHa4HoM cnoe, KOTOp& MO)I(HO HCflOnb308aTb 80 MHOrHX 

06bIYHO BcTpeqaroutexcn cnyganx naMaHapHor0 TeqetuiH npH Hanjiqmi TepMaqecxoR ne+$y3H8 s/mH 
ne~MeHHbIX CBOi%CTB XWL,KOCT1(. npHHUHn nOCTpOeHHfl 3aBHCHMOCTeti 6a3spye’rcn Ha HMCK),ItWXCR 
pW,eHHflX ,WIH BnyBa/OTCOCa XKIIIIKOCTH C nOCTOIlHHb,MH CBOfiCTBaMH, B KOTOpble BK,,MS’ZHbl COOT- 
BeTcTByrourae nOnpaeosHble Ko+$HuHeHTbl nns yqeTa B~~IHHII nepeMeHHblx csoiic~s ~H~Y~cTH H 
TepMHrecKofi ne@ysun ((mceenosnye)) H HcToqHHK Tenna). npennoxeHHbr8 nonxon B np~o~emie 
R onpenenemibrM.paccMaTpuBaeh4bm B HacToaueii pa6oTe,sanaqaM nepemca MaccbI B nahiHHapHbIx 

norpawfwib~x cnozix (nepemc napoB coensHemiii utenoqHbrx H nepexonHbIx MeTannoB) naer xopowee 
COBnaileHHe w3ynbTaTOB BnJlOTb JIO 3Ha9eHLiii 3@+eKTWBHbIX K03+$tWieHTOB BLlyEa, paBHblX I/3. 
KpoMe Tore. npennaraeMbIti nonxon no3BonneT o606uuiTb aHanormo TennoMacCOnepeHoca B mupo- 

KOM nHana3oHe 3HaqeHG qWcna nbmltca Ha cnyqair nepeMeHHbIx CB~RCTB W(~KocTti. 


